In this paper, we exhibit a "Yoneda"-style embedding of any virtual equipment into the virtual equipment of categories enriched in it. We show that this embedding preserves composition, is full on 2-cells and arrows, and coreflective on proarrows.
Introduction
In his 1973 paper [Law73] , Lawvere remarks It is a banality that all mathematical structures of a given kind constitute the objects of a category; the sequence: elements/structures/categories thus has led some people to attempt to characterize the philosophical significance of the theory of categories as that of a "third level of abstraction". But the theory of categories actually penetrates much more deeply than that attempted characterization would suggest toward summing up the essence of mathematics. The kinds of structures which actually arise in the practice of geometry and analysis are far from being "arbitrary", and indeed in this paper we will investigate a particular case of the way in which logic should be specialized to take account of this experience of non-arbitrariness, as concentrated in the thesis that fundamental structures are themselves categories. ([Law73, p. 135]) In other words, not only are the most fundamental structures of mathematics organized in categories, they are in many cases (enriched) categories themselves. In this paper, we will embed any virtual equipment into the virtual equipment of categories enriched in it. This gives a formal flair to Lawvere's thesis: so long as our objects of interest can be organized profitably into a virtual equipment, then they and their morphisms may be realized as enriched categories and functors.
Virtual equipments are a special sort of virtual double categories, which are to double categories as multicategories are to monoidal categories. Virtual double categories were introduced as multicatégories by Burroni [Bur71] , and used as a general setting for enrichment as fc-multicategories by Leinster [Lei02] . In [CS10] , Cruttwell and Shulman coin the name "virtual double category" and define virtual equipments as certain sorts of virtual double categories especially suited to the study of generalized multicategories.
Virtual equipments are a good setting in which to enrich categories, generalizing enrichment in monoidal categories, multicategories, bicategories, and equipments simultaneously. Furthermore, enriched categories with their functors and profunctors form virtual equipments -even in cases where the enrichment base is not cocomplete enough to ensure the existence of composites of profunctors. We prove a converse of sorts to this statement, showing that if a class of structures forms a virtual equipment, then they can be realized as enriched categories of a sort. This gives an embedding of any virtual equipment into the virutal equipment of categories enriched in it.
Construction 1. There is a "Yoneda"-style embedding | · | : E → E-Cat of a virtual equipment E into the virtual equipment of categories enriched in it.
This construction specializes nicely to familiar cases. If the virtual equipment is a monoidal equipment, as the equipments of categories enriched in a suitably cocomplete monoidal category are, then we can restrict our construction to get a double functor E → h E(1, 1)-Cat from E to the virtual equipment of categories enriched in the monoidal category h E(1, 1) of proarrows on the monoidal identity 1. For example, if E = Ring, the equipment of rings, homomorphisms, and bimodules, then | · | so restricted interprets each ring as a single object category enriched in abelian groups. It will be clear from the construction that this situation will hold in general; if E = C-Cat is the equipment of categories enriched in C, then h E(1, 1) C and the restricted double functor | · | : E → h E(1, 1)-Cat will be an equivalence.
To describe the construction and prove our main theorem about it, we will use a graphical calculus for virtual equipments based on a similar calculus for equipments developed by the author [Mye16] . The calculus is an extension of the usual string diagrams for bicategories, and we will explain it in Section 2.
In Section 3, we will use the graphical calculus to construct the virtual equipment of categories enriched in a virtual equipment. Then, in Section 4 we will construct the embedding. Finally, in Sections 5 and 6 we will prove the following properties of the embedding in our main theorem.
Virtual Equipments
A virtual equipment is to an equipment what a multicategory is to a monoidal category; while in an equipment we may compose proarrows, in a virtual equipment we may only take formal composites of proarrows in the domains of our 2-cells. We move to virtual equipments to construct the canonical embedding because the existence of composites of enriched profunctors requires certain cocompleteness assumptions which do not hold in general equipments. Categories enriched in any virtual equipment will, however, form virtual equipment.
Virtual equipments are useful even in more traditional enrichment settings when the base is not suitably cocomplete. This may occur because the base of enrichment lacks colimits, but it can also occur if it admits all small colimits. If we allow profunctors over large categories, then they may fail to compose even if the enriching base is (small) cocomplete. Therefore, large 1 categories and profunctors form a virtual equipment, but not an equipment.
We begin with the notion of a virtual double category, which was introduced under the name multicatégory by Burroni in [Bur71] , and used by Leinster as a general setting for enrichment under the name fc-multicategory [Lei02] . We will follow along with the presentation in sections 2 and 7 of Cruttwell and Shulman [CS10] .
A virtual double category is to a double category what a multicategory is to a monoidal category. That is, we are no longer allowed to compose proarrows in general, but we modify our 2-cells so that they may have formal composites of proarrows as their horizontal domain. We define a virtual double category now, using Definition 2.1 of Cruttwell and Shulman [CS10] . 2. For each two objects and of v D, a set h D , of "horizontal arrows" or "proarrows". We draw a horizontal arrow as a horizontal wire
separating the plane regions. a 2-cell
We draw this by connecting the wires incident to the nodes. For example, we compose the 2-cell with and to get the composite 6. This data satisfies the identity and associativity axioms. These say, respectively:
• Associativity: β α 1 (γ 11 , · · · , γ 1q 1 ), · · · , α k (γ k1 , · · · , γ kq k ) = β(α 1 , · · · , α k )(γ 11 , · · · , γ kq k ).
These laws guarantee that each diagram may be read as a unique 2-cell.
It should come as no surprise that every double category is also a virtual double category by taking the virtual 2-cells with a given list of proarrows as domain to be the actual 2-cells with the composite of that list as domain.
We can define the existence of an actual composite in a virtual double category with a universal property.
factors uniquely as
The associativity of composites follows from the associativity of composition.
Lemma 1. Let J ij be sequence of proarrows in a virtual double category with composite J. Suppose that for fixed i, there is a composite J i of the J ij . Then J is the composite of the J i .
Proof. By the universal property of J i , the structure 2-cell J kj → J factors through J ij → J i . This gives a 2-cell from J i → J for each i. Together, these witness J as the composite of the J i by applying the universal property of J as the composite of the J ij and then the universal property of the J i .
A virtual double category with all composites is equivalently a double category. However, there is a useful special case of composites which are very common in virtual double categories even when general composites do not exist: nullary composites, or units
A is a composite of the empty list of proarrows starting and ending at A.
Because any 2-cell whose horizontal domain included A factors uniquely through a 2-cell with h A inserted, we will simply not draw h A and refer to it in the same way as the object A. So, if A is , then we will also refer to h A by . A virtual equipment is a virtual double category with all units and where proarrows can be restricted along arrows. This allows proarrows to really function like bimodules of categories, since they can be restricted along arrows -that is, applied to generalized elements to yield new bimodules.
Definition 4. A cell
is called cartesian if for any , there exists a unique so that = .
The proarrow is determined uniquely up to isomorphism in a cartesian cell . For this reason, we give it the canonical name K(g, f ) and call it the restriction of K = along g = and f = . Note that the restriction of by identities is itself.
Definition 5. A virtual equipment is a virtual double category in which every object has a unit and the restriction K(g, f ) exists for every compatible triple of K = , g = , and f = .
We can use the universal property of restrictions to find the conjoint and companion bends for an arrow . We'll define the conjoint here; the companion works similarly.
Given an arrow in a virtual equipment, define its conjoint as the restriction of along and . 2 We write the defining cartesian cell as . By the universal property of the restriction, the 2-cell factors through uniquely. Write this unique factor as , so that the factorization reads = .
This is one of the kink identities for the conjoint. The other kink lemma from the universal property of as well. The cell factors through in two ways:
Thefore, by the uniqueness part of the universal property of , we must have = .
These equalities justify the visual representation of the companion and conjoint as bends from vertical to horizontal. Using the kink identities for the companion and conjoint, we show can show the restriction K(g, f ) of K by g and f is the composite of of K with the companion of g
and conjoint of f , justifying our use of the diagram for the defining cartesian cell of any restriction.
Lemma 2. For a proarrow and arrows and which admit the restriction in a virtual equipment, is the composite of with and .
Proof. The cell factors uniquely through as = , so we will take the structure morphism of the composite to be . It remains to show that it satisfies the universal property. Given a 2-cell , we can factor it through as
The uniqueness of this factorization follows from the uniqueness of .
Corollary 1. Given two arrows and in a virtual equipment, the composite of their respective companion and conjoint exists.
A similar argument can be used to establish the following lemma. 
Categories Enriched in a Virtual Equipment
In this section, we construct the virtual equipment of categories enriched in a virtual equipment. We begin by recalling the requisite definitions, which are due to Leinster [Lei02] .
A category C enriched in a virtual equipment E consists of the following data:
• A class of objects C 0 , with each object A ∈ C 0 associated with an object C(A) = in E called its extent. We will refer to an object of A by the same color as we refer to it's extent; nevertheless, two objects of C may have the same extent. We may therefore be referring to the same object in E using two different colors.
• For each pair of objects and in C 0 , a proarrow C( , ) = in E.
• For each object in C 0 , a 2-cell id = called the identity.
• For each triple of objects , , , a 2-cell called composition.
This data satisfies the identity and associativity laws:
A functor F : C → D between enriched categories consists of the following data:
• For each object in C, an object in D and an arrow in E from the extent of to the extent of .
• For each pair of objects and of C, a 2-cell in E.
This data satisfies the functor laws:
= , and = .
These laws can be summarized by imagining that the vertical functorial strings lie over the horizontal categorical ones, so that the law above expresses a braiding of a sort. A profunctor J : C − − → D consists of the following data:
• For each ∈ C and ∈ D, a proarrow in E. Finally, in order to show that enriched categories may be arranged into a virtual equipment, we need to describe a 2-cell. Let C 0 , . . ., C k , D 0 and D 1 be enriched categories, let F : C 0 → D 0 and G : C k → D 1 be functors, and let J i :
which may be written as . This family satisfies two families of laws:
(1) = , and (2) = .
These laws say that the action of the categories C i on the profunctors J i are equalized by α (if 1 < i < k), or that the action commutes with the action of the functors F and G. The identity morphism of a profunctor has identities for all of its components. Composition of profunctors is given by composing their components in E. The associativity and identity laws of a virtual equipment then follow from the same laws in E.
Likewise, the restrictions in E-Cat are given by taking the restrictions component-wise. In other words, we define the component of K(G, F ) at and as . We define the action with the cell using the components of the functor F and the action on K. The other action is defined similarly; we will only work with the top action. That this is indeed a profunctor follows from the functor laws of F and profunctor laws of K:
The cartesian cell of K(G, F ) is given component-wise by
. That this is a profunctor morphism follows quickly from the definition of the action and the kink identities. K(G, F ) as defined satisfies the required universal property because its components do.
The Canonical Embedding
Let's begin to describe the functor | · | : E → E-Cat embedding a virtual equipment into the virtual equipment of categories enriched in it, which I'll call the 'canonical embedding'. The construction has the flair of a Yoneda embedding, which I hope to explore further in subsequent work. Though we've taken the codomain of this functor to be the virtual equipment of categories enriched in E and all functors and profunctors between them, the realization functor will land in the part of E-Cat that uses only purely horizontal cells of E -functors won't change the extent of the objects they act on.
For an object of E, we define its representation (its image under |·|) to be the E-enriched category with
• Objects vertical arrows , with each object's extent being its domain.
• Between objects and , a hom-object (in E).
• For object , an identity arrow (a 2-cell in E).
• For each composable triple, a composition arrow (a 2-cell in E).
We can verify that the identity and associativity conditions hold graphically.
= .
So this construction does indeed yield a category enriched in E. It remains to realize vertical arrows as functors, proarrows as profunctors, and 2-cells as morphisms of profunctors. We begin by recalling the definition of a functor between enriched categories in the case we are concerned with. The functor we define here have only trivial action on the extents of objects. For an arrow , we get an enriched functor sending objects to and acting on homs by . We can check that this satisfies the functor conditions graphically. = = Though it is a special case of the following discussion of the representation of a general 2-cell, we will take a moment to discuss the representation of a vertical 2-cell as a natural transformation.
For a 2-cell , and for each object of , we get a component of a natural transformation. This satisfies the laws for a natural transformation, as we can see graphically.
= For purposes of explicit calculation, its useful to note that the above two morphisms are equal to . This completes the construction of the functor | · | : v E → E-Cat from the vertical 2-category v E of E. Now we can turn our attention to proarrows.
For each proarrow in E, we get the enriched profunctor sending and to .
The category induced by acts on the representative of via the map , subject to the following rules that may be verified graphically:
The representative of acts similarly by the map , subject to analogous laws as those above. The two actions interact according to the following rule, which holds graphically:
Finally, we come to the representation of a 2-cell. We begin by recalling the definition of a morphism of enriched profunctors in the relevant case. From the pictures, it is clear that the representative of the various identity 2-cells are their respective identities: simply delete the lines you don't need! Remark 1. If our virtual equipment is a virtual equipment of categories enriched in a monoidal equipment, and we restrict the domains of the objects of | | to the walking object (one object category whose hom is the monoidal unit), then the above construction will recover . In other words, if our objects are already enriched categories, then we can recover them from their representatives.
Proving Functoriality
In this section, we prove the functoriality of the canonical embedding constructed above, and show that it preserves composites of proarrows.
We will just prove functoriality for 2-cells with two input proarrows, since these contain all elements that appear in 2-cells with arbitrarily many inputs. The proof for general 2-cells is the same, but with added ellipses. Since composites of profunctor morphisms are taken componentwise, this shows that the composite of the representatives is the representative of the composite of 2-cells. Now we turn to composites of proarrows. These are not necessarily preserved by functors between virtual equipments because they are determined by a universal property. We will show that the representative of the witness of a composite in E is itself a witness to a composite in E-Cat. In this section, we briefly investigate the image of the canonical embedding. We will see that | · | is full and faithful 2-cells, full on arrows, and "nearly full" on proarrows in the sense that the action on proarrows is coreflective. This justifies are calling | · | an 'embedding'. All the proofs involve taking the components at the element of |A| represented by the identity at A, which gives the embedding the smell of a Yoneda embedding. This also means that they would need to be significantly adapted to deal with restrictions of the domains of elements of the representative of A, say in the case that we restrict to elements whose domain is a monoidal identity for E. We can easily show that the canonical embedding is full and faithful on 2-cells. This in particular means that it is faithful, up to isomorphism, on vertical and horizontal arrows. For a refresher on profunctor morphisms between representatives, see Definition 7.
Proposition 2. The canonical embedding | · | : E → E-Cat is full and faithful on 2-cells.
Proof. We will work with 2-cells with two proarrows in the domain, since the general case is the same. . It remains to show that α = | |, which we can by arguing component-wise:
Faithfulness follows quickly. If two 2-cells have the same representation, then those representations are equal component-wise and so in particular at the identity components. But these 2-cells at the identity components of the representations are the 2-cells being represented, so the two 2-cells were equal to begin with.
The canonical embedding is also full on arrows. Proof. Combine the upcoming lemmas 5 and 6.
We will show this in two parts, but begin first with a useful definition.
Definition 8. Let f : C → | | be an enriched functor sending x ∈ C with C(x) = to f (x) = with structure map and acting on homs by . Define f : C → | | to be the enriched functor given by sending x to and acting on homs by . Note that the structure maps of f on objects are identities; we say that it does not change extent.
Now we show that every functor into a representative is isomorphic to one that does not change extent.
Lemma 5. Let f, f : C → | | be as above. Then the maps and form the components of a natural isomorphism f ∼ = f .
Proof. Follows quickly from the functor laws.
For a refresher on the definition of a functor between representatives, see Definition 6.
Lemma 6. The canonical embedding is full on functors which do not change the extent of objects (that is, whose structure maps on objects are identities).
Proof. Let f :
→ be such a functor, and let be f (id ). We will construct a natural isomorphism |f (id )| ∼ = f . This involves first constructing, for any x = , an isomorphism f (x) = ∼ = , and then proving naturality. First, we note that = = by the identity functor law.
The data of f gives us two 2-cells and . By bending, we get 2-cells and , which we can show are inverse using the functor laws as follows.
It remains to show that this isomorphism is natural. We will show that is natural through a quick calculation; the naturality of follows similarly.
= =
We now characterize the realization of proarrows. While | · | is not full on proarrows, it is nearly full in the following precise way. Proof. Given a profunctor J : | | − − → | |, we can take its component at the identities of and to get a proarrow in E. That the actions form the components of a morphism |J( , )| → J in E-Cat follows immediately from the profunctor laws governing J. Naturality in J immediately follows from the commutation of the action with the components of a morphism J → J . Note that |K|(id , id ) = K and that the counit ||K|(id , id )| → |K| is therefore an identity (or unitor). Likewise, the unit J(id , id ) → |J(id , id )|(id , id ) is an identity (or unitor).
Therefore, the zig-zag identities hold trivially.
Corollary 2. The essential image of | · | on profunctors between |A| and |B| consists of precisely those profunctors J : |A| − − → |B| for which the action |J(id A , id B )| → J is a natural isomorphism.
Proof. This is a fact about coreflective subcategories in general. See, e.g., Proposition 1.3 of [GZ67].
Proposition 5. If the composite JK of J : |A| − − → |B| and K : |B| − − → |C| exists, then JK ∼ = J K.
Proof. The isomorphism is given by the structure map J(id A , id B )K(id B , id C ) → JK(id A , id C ) and the map JK(id A , id C ) → J(id A , id B )K(id B , id C ) guaranteed by applying the universal property to the identity of |J(id A , id B )K(id B , id A )| taken at the id A , id C component. The universal property of JK guarantees that these are mutually inverse.
While the canonical embedding is not full on proarrows, it does reflect Morita equivalences.
Corollary 3. If |A| and |B| are Morita equivalent (that is, admitting an equivalence in the horizontal bicategory of composable profunctors), then A and B are horizontally equivalent.
Proof. Assume, for the sake of this proposition, that the requisite composites of profunctors exists in E-Cat so that |A| and |B| may be Morita equivalent. The claim then follows from Propositions 4 and 5.
That |·| is conservative on profunctors between |A| and |B| follows from a fact about coreflective subcategories in general (see, e.g., Proposition 1.3 of [GZ67] ). Combined with the functoriality proved in Proposition 5, we see that if JK ∼ = id |A| and KJ ∼ = id |B| , then J K ∼ = id A and K J ∼ = id B .
